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Abstract Heisenberg’s uncertainty principle is a fun-
damental element in quantummechanics. It sets a bound
on our ability to predict the measurement outcomes of
two incompatible observables, simultaneously. In quan-
tum information theory, the uncertainty principle can
be expressed using entropic measures. The entropic un-
certainty relation can be improved by considering an
additional particle as a memory particle. The presence
of quantum correlation between the memory particle
and the measured particle reduces the uncertainty. In
a curved space-time the presence of the Hawking radi-
ation can reduce quantum correlation. So, with regard
to the relation between the quantum correlation and
entropic uncertainty lower bound, we expect that the
Hawking radiation increases the entropic uncertainty
lower bound. In this work we investigate the entropic
uncertainty relation in Garfinkle-Horowitz-Strominger
(GHS) dilation black hole. We consider a model in which
the memory particle is located near the event horizon
outside the black hole, while the measured particle is
free falling. To study the proposed model, we will con-
sider examples with Dirac fields. We also explore the
effect of the Hawking radiation on quantum secret key
rate.
1 Introduction
The uncertainty principle is one of the distinguishing
features between quantum and classical theory. The
Heisenberg uncertainty principle states that it is not
possible to accurately measure the location and mo-
mentum of a particle accurately [1]. Accurate measure-
ment of one observable reduces the accuracy of another
observable measurement. So far, this principle has been
ae-mail: soroush.haseli@uut.ac.ir
expressed in various ways. One of the most fundamental
forms of expressing the uncertainty principle is provided
by Schrodinger [2] and Robertson [3]. They showed that
for any arbitrary pairs of noncommuting observables Q
and R the following relation is established for uncer-
tainty principle
∆Q∆R ≥
1
2
|〈[Q,R]〉|, (1)
where ∆X =
√
〈X2〉 − 〈X〉2 with X ∈ {Q,R} is the
the standard deviation of the associated observable X ,
〈X〉 shows the expectation value of operator X and
[Q,R] = QR−RQ. The lower bound in Eq.(1) is state
dependent which leads to a trivial bound if |〈[Q,R]〉| =
0. In quantum information theory, it has been shown
that the most appropriate quantity to show the uncer-
tainty is entropy. Uncertainty relations that are defined
in terms of entropy are called entropic uncertainty rela-
tion (EUR). The first EUR was speculated by Deutsch
[4], then improved by Kraus [5], and finally proved by
Maassen and Uffink [6]. They showed that for any arbi-
trary pairs of observables Q and R EUR can be written
as
H(Q) +H(R) ≥ log2
1
c
(2)
whereH(Q) =
∑
i pi log2 pi andH(R) =
∑
jmj log2mj
are the Shannon entropy, pi = 〈qi|ρ|qi〉, mj = 〈rj |ρ|rj〉
and c = maxi,j{|〈qi|rj〉|
2} where |qi〉 and |rj〉 are eigen-
states of observables Q and R, respectively. This state-
ment of uncertainty principle can be described by an
interesting game between Alice and Bob. At the be-
ginning of the game, Bob prepares the particle in a
quantum state ρ and sends it to ALice. In the second
step, Alice and Bob agree on the measurement of two
observables Q and R by Alice on the particle. Then
2Alice measures one of the two observable Q or R on
her state and sends her measurement choice to Bob via
a classical communication channel. If Bob guesses Al-
ice’s measurement correctly, he will win the game. The
Bob’s uncertainty about Alice’s measurement outcomes
is bounded by Eq.(2). In this statement of the uncer-
tainty principle, there was only one particle. But when
Bob prepares a correlated bipartite state ρAB for two
particle quantum system and sends one of the particles
to Alice and keeps the other part as a quantum memory
, he can guess the result of Alice’s measurement more
accurately. Based on this uncertainty game, Berta et
al. have presented the EUR in the presence of quantum
memory *EUR-QM) as [7]
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B), (3)
where S(Q|B) = S(ρQB)−S(ρB) and S(R|B) = S(ρRB)−
S(ρB) are the conditional von-Neumann entropies of
the post measurement states
ρQB =
∑
i(|qi〉〈qi| ⊗ I)ρ
AB(|qi〉〈qi| ⊗ I),
ρRB =
∑
j(|rj〉〈rj | ⊗ I)ρ
AB(|rj〉〈rj | ⊗ I),
(4)
and S(A|B) = S(ρAB) − S(ρB) is the conditional von
Neumann entropy. Let’s take a look at some special
cases: At first, If particles A and B are entangled, the
conditional von-Neumann entropy is negative and Bob
can guess the result of Alice’s measurement with better
accuracy. Second, If Bob prepares the maximally en-
tangled state in uncertainty game then Bob can guess
the result of Alice’s measurement perfectly [7]. Third,
If there is no memory particle, then from Eq.(3), the
EUR is obtained as
H(Q) +H(R) ≥ log2
1
c
+ S(A). (5)
Due to the presence of an additional term S(A), the
above EUR is tighter than Maassen and Uffink uncer-
tainty relation. So far, several works have been done to
improve the EUR [8–66]. In Ref. [62], the authors in-
troduced a new bound for the EUR-QM. They showed
that the Bob’s uncertainty about the results of Alice’s
measurement is bounded by
S(Q|B) + S(R|B) =
= H(Q)− I(Q;B) +H(R)− I(R;B)
≥ log2
1
c
+ S(A)− [I(Q;B) + I(R;B)]
= log2
1
c
+ S(A|B)+
+ {I(A;B)− [I(Q;B) + I(R;B)]}.
(6)
Based on their results the EUR-QM can be written as
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B) + max{0, δ} (7)
where
δ = I(A;B) − (I(Q;B) + I(R;B)) (8)
and
I(X ;B) = S(ρB)−
∑
x
pxS(ρ
B
x ), X ∈ {Q,R}, (9)
Eq.9 is known as Holevo quantity, px = trAB(Π
A
x ρ
ABΠAx )
is the probability of x-th outcome and ρBx =
trA(Π
A
x ρ
ABΠAx )
px
is the Bob’s state after the measurement of X by Alice.
It is worth noting that the EUR is tighter than other
EURs in the presence of quantum memory.
The EUR has a variety of applications in quantum
information theory such as entanglement detection [67–
70], and quantum cryptography [71, 72]. The security of
quantum key distribution protocols can be verified us-
ing the EURs [73, 74]. It has been shown that the bound
of EUR-QM is directly related to the quantum secret
key (QSK) rate [66, 75]. In Ref. [66], the authors have
shown that the amount of key that can be extracted by
Alice and Bob K is lower bounded as
K ≥ log2
1
c
+max{0, δ} − S(R|B)− S(Q|B), (10)
The study of the EUR-QM from a relativistic point of
view has been the subject of some recent works [76–79].
What is clear is that the entropic uncertainty bound
decreases with increasing quantum correlation between
the measured particle A and the quantum memory B.
In Refs.[80–84], the authors have shown that the quan-
tum correlation decreases under the influence of Hawk-
ing radiation and so the entropic uncertainty increases.
In order to study the effects of Hawking radiation on
entropic uncertainy bound, we consider the simplest
black hole: Garfinkle-Horowitz-Strominger (GHS) dila-
tion black hole. We also consider the Dirac fields states
as the examples. In this situation, a quantum state is
a combination of of vacuum state and excited states of
Dirac fields. In GHS dilation black hole space-time we
will consider a model in which the memory particle B is
located somewhere near the event horizon outside the
black hole and the measured particle A is free falling.
When the memory particle gets closer to the event hori-
zon the entanglement between particle memory B and
measured particle A decreases due to Unruh effect. In
such a situation, the lower bound of EUR-QM increases
with decreasing entanglement. This article is organized
as follows.
32 Quantum channel interpretation of the
vacuum structure for Dirac fields in the GHS
dilation black hole
In Refs.[85, 86], the thermal Fermi-Dirac distribution of
particles with the Hawking temperature T = 18pi(M−D)
has been investigated in GHS dilation black hole [87].
The existence of such radiation has been described as
the Hawking effect. The cosmological parameters M
and D represent the mass of the black hole and and
dilation field, respectively. Here, according to the Dirac
vacuum field in GHS dilation black hole, the global co-
ordinates (t, r, θ, φ) is used to represent the spherically
symmetric line element of the GHS dilation black hole
[88–90]
ds2 =−
(
r − 2M
r − 2D
)
dt2 +
(
r − 2M
r − 2D
)−1
dr2
+ r(r − 2D)
(
dθ2 + sin2 θdφ2
)
.
(11)
Throughout this paper the natural units are set as h¯ =
G = c = kB = 1. The massless Dirac equation can
be written as γαeµa(∂µ + Γµ)ψ = 0, where γ
α is Dirac
matrix, eµa corresponds to the inverse of the tetrad and
Γµ is the spin connection coefficient. Solving masless
Dirac equation near the event horizon leads to positive
frequency outgoing solutions outside region I and inside
regions II as [88]
ψν+k = ξe
∓iωu, (12)
where ν ∈ {I, II} shows the regions, k represents the
field mode, ξ is a 4-component Dirac spinor and ω is a
monochromatic frequency of the Dirac field. In Eq.(12),
u represents the retarded time and is defined as follows
u = t− 2(M −D) ln
[
r − 2M
2M − 2D
]
. (13)
To show the general form of the GHS dilation black
hole, the Carter-Penrose diagrams for this space-times
is plotted in Fig. 1. In diagram r = 2M shows the event
horizons and r = 2D represents the singularity of the
black hole. I and II show the two general disconnected
regions. The Dirac field can be quantized by using the
complete orthogonal basis ψν+k as
ψout =
∑
ν=I,II
∫
dk
(
aνkψ
ν+
k + b
ν∗
k ψ
ν−
k
)
(14)
where aνk and b
ν∗
k are the fermion annihilation and an-
tifermion creation operators respectively. One can use
the generalized Kruskal coordinates to introduce new
orthogonal basis for positive energy mode as
χI+k = e
2(M−D)piωψI+k + e
−2(M−D)piωψII−−k ,
χII+k = e
−2(M−D)piωψI−−k + e
2(M−D)piωψII+k . (15)
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Fig. 1 The Penrose diagrams for the GHS dilation black hole
which shows the world-line of Bob and Anti-Bob. i0 denotes
the spatial infinities, i (i+) represents time-like past (future)
infinity. I
−
(I+) shows light-like past (future) infinity.
These new bases can be used to expand the Dirac fields
in the Kruskal coordinates as
ψout =
∑
ν=I,II
∫
dk|
1√
2 cosh[4(M −D)piω]
×
(
cνkχ
ν+
k + d
ν∗
k χ
ν−
k
)
,
(16)
where cνk and d
ν∗
k are the fermion annihilation and an-
tifermion creation operators which act on the Kruskal
vacuum. Eq.(14) is the expansion of Dirac field in GHS
dilation while Eq.(16) corresponds to the decomposi-
tion of Dirac field in Kruskal modes. Using a suitable
Bogoliubov transformation, one can obtain the annihi-
lation operator cνk as
cIk =
(
e−
ω
T + 1
)− 1
2 aIk −
(
e
ω
T + 1
)− 1
2 bII∗k (17)
where T is the radiation temperature [91–93]. The form
of ground state in the GHS dilation coordinates is re-
garded as a two-mode squeezed state in Kruskal coor-
dinates. So, the vacuum and excited state can be ex-
panded as follows
|0〉+ = x−
1
2 |0〉+I |0〉
−
II + y
− 1
2 |1〉+I |1〉
−
II
|1〉+ = |1〉+I |0〉
−
II
(18)
where x =
(
e−
ω
T + 1
)
, y =
(
e
ω
T + 1
)
, |n〉I and |n〉II are
the orthonormal basis of outside and inside region of the
event horizon respectively. The superscripts + and −
show the particle and anti-particle respectively. In the
following, we abandon the superscripts ± in order to
simplify the formulation. Since the region I and II are
completely disconnected, one can obtain the physical
accessible part I by tracing over the state of the region
II. Interestingly, the whole process can be thought of as
a quantum channel [91]. In dynamics of open quantum
system, the state of the system changes as a result of in-
teraction with its surroundings. So, loss of information
4in space-time with the event horizon can be considered
as an open quantum system. Changing the state of an
open quantum system at a given time is described by
a dynamical map or quantum channel. The dynamical
map Φt converts the initial state of the system ρ0 to
the evolved state ρt as ρ0 → ρt = Φtρ0. The dynami-
cal map can be written in Kraus form as ρt = Φtρ0 =∑
mWmρ0W
†
m. If the initial state of the system is con-
sidered as ρ0 =
∑
i,j=0,1 ρij |i〉〈j|, the dynamical map
can be written as Φtρ0 =
∑
i,j=0,1 ε(|i〉〈j|)ρij , where
ε(|i〉〈j|) =
∑
mWm(|i〉〈j|)W
†
m. Considering the GHS
dilation black hole, the dynamical map can be written
as the Unruh channel,
ε(|0〉〈0|) =
(
e−
ω
T + 1
)−1
|0〉I〈0|+
(
e
ω
T + 1
)−1
|1〉I〈1|
ε(|0〉〈1|) =
(
e−
ω
T + 1
)− 1
2 |0〉I〈1|
ε(|1〉〈0|) =
(
e−
ω
T + 1
)− 1
2 |1〉I〈0|
ε(|1〉〈1|) = |1〉I〈1|,
(19)
where the partial trace is done over the state of the
interior region. In Fig.2(a), the entropic uncertainty
lower bound is plotted in terms of probability param-
eter p for different value of Hawking temperature. As
can be seen the entropic uncertainty lower bound in-
creases with increasing Hawking temperature. This is
what we expected, the quantum correlation decreases
under the influence of Hawking radiation and so the
entropic uncertainty increases with increasing Hawking
temperature [80–84]. Fig.2(b) shows the contour plot of
entropic uncertainty lower bound in terms of Hawking
temperature T and probability parameter p. As can be
seen from Fig.2(b), at different Hawking temperatures
the the entropic uncertainty lower bound has its low-
est value for the case in which p = 1 and the state is
maximally entangled. It is also observed that for differ-
ent values of p this entropic uncertainty lower bound
increases with increasing Hawking temperature.
3 Entropic uncertainty lower bound in
Garfinkle-Horowitz-Strominger dilation black
hole
In this section the uncertainty game between Alice and
Bob in Garfinkle-Horowitz-Strominger dilation black hole
is investigated. At the beginning of the game, Bob pre-
pares a correlated bipartite state ρAB then sends the
first part to Alice and keeps the other part as a quantum
memory memory. In this step of the game, both of them
free falling towards the black hole. In the next step, Al-
ice remains free falling into the black hole while Bob is
in a fixed position outside the black hole. Then Alice
measures one of the two observable Q or R on her state
and sends her measurement choice to Bob via a classi-
cal communication channel. The main purpose of this
game for Bob is to reduce his uncertainty about the re-
sult of Alice’s measurement. If Bob can correctly guess
the result of Alice’s measurement in this situation, he
will win this game. Due to the fact that the resident ob-
server cannot access modes beyond the event horizon,
the lost information reduces the entanglement between
Alice and Bob. So, it changes the uncertainty bound.
By reducing Bob’s distance from the black hole’s event
horizon, his uncertainty about the result of Alice’s mea-
surement will increase.
4 Examples
4.1 Bell diagonal state
As a first example, let us consider the case in which
Alice and Bob share the set of two-qubit states with the
maximally mixed marginal states. This state is defined
as follows
ρAB =
1
4
(
I ⊗ I +
3∑
i=1
wijσi ⊗ σj
)
(20)
where σi(i = 1, 2, 3) are the Pauli matrices. Us-
ing the singular value decomposition, the matrix W =
{wij} can be diagonalized by a local unitary transfor-
mation. So, Eq. (20) can be rewritten as
ρAB =
1
4
(I ⊗ I +
∑
i
riσi ⊗ σi), (21)
where r = (r1, r2, r3) is limited to a tetrahedron defined
by the set of vertices (−1,−1,−1), (−1, 1, 1), (1,−1, 1)
and (1, 1,−1).We consider the case in which r1 = 1−2p,
r2 = −p and r3 = −p where 0 ≤ p ≤ 1. So the state in
Eq.(22) can be written as
ρAB = p
∣∣Ψ−〉 〈Ψ−|+ 1− p
2
(
|Ψ+〉〈Ψ+|+ |Φ+〉〈Φ+|
)
,
(22)
where |Ψ±〉 = 1√
2
(|01〉 ± |10〉) and |Φ±〉 = 1√
2
(|00〉 ±
|11〉). We consider a model in which the memory parti-
cle B (At the disposal of Bob) is located near the event
horizon outside the black hole, while the measured par-
ticle A (At the disposal of Alice) is free falling. The
effect of Hawking radiation can be defined by applying
the Unruh channel in Eq.(19) on Bob’s state.
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Fig. 2 (a) Entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a special class of state:ρAB =
p
∣
∣Ψ−
〉
〈Ψ−| + 1−p
2
(
|Ψ+〉〈Ψ+|+ |Φ+〉〈Φ+|
)
in terms of probability parameter p for different value of Hawking temperature
when ω = 1. (b) The contour plot of entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a
special class of state:ρAB = p
∣
∣Ψ−
〉
〈Ψ−|+ 1−p
2
(
|Ψ+〉〈Ψ+|+ |Φ+〉〈Φ+|
)
in terms of Hawking temperature T and probability
parameter p when ω = 1.
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Fig. 3 (a) QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB = p
∣
∣Ψ−
〉
〈Ψ−| +
1−p
2
(
|Ψ+〉〈Ψ+|+ |Φ+〉〈Φ+|
)
in terms of probability parameter p for different value of Hawking temperature when ω = 1.
(b) The contour plot of QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB =
p
∣
∣Ψ−
〉
〈Ψ−|+ 1−p
2
(
|Ψ+〉〈Ψ+|+ |Φ+〉〈Φ+|
)
in terms of Hawking temperature T and probability parameter p when ω = 1.
In Fig.3(a), the QSK rate bound is plotted in terms
of probability parameter p for different value of Hawk-
ing temperature. As can be seen the QSK rate bound
decreases with increasing Hawking temperature. This is
what we expected, the quantum correlation decreases
under the influence of Hawking radiation and so the
QSK rate decreases with increasing Hawking temper-
ature. Fig.3(b) shows the contour plot of QSK rate
bound in terms of Hawking temperature T and proba-
bility parameter p. As can be seen from Fig.3(b), at dif-
ferent Hawking temperatures the the QSK rate bound
has its highest value for the case in which p = 1 and the
state is maximally entangled. It is also observed that for
different values of p the QSK rate bound decreases with
increasing Hawking temperature. As can be seen from
Figs.3(a) and 3(b), the QSK rate bounds is negative for
some values of p and T. So, one can concluded that for
these values of p and T the states are not good enough
to support quantum key distribution protocols.
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Fig. 4 (a) Entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a special class of state:ρAB =
1−p
4
I ⊗ I + p|ψ−〉〈Ψ−| in terms of probability parameter p for different value of Hawking temperature when ω = 1. (b)
The contour plot of entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a special class of
state:ρAB = 1−p
4
I ⊗ I + p|ψ−〉〈Ψ−| in terms of Hawking temperature T and probability parameter p when ω = 1.
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Fig. 5 (a) QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB = 1−p
4
I ⊗ I +
p|ψ−〉〈Ψ−| in terms of probability parameter p for different value of Hawking temperature when ω = 1. (b) The contour plot
of QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB = 1−p
4
I ⊗ I + p|ψ−〉〈Ψ−| in
terms of Hawking temperature T and probability parameter p when ω = 1.
4.2 Werner state
As a second example, Let us consider the case in which
Alice and Bob initially share a two-qubit Werner state
ρAB =
1− p
4
I ⊗ I + p|ψ−〉〈Ψ−|, (23)
where 0 ≤ p ≤ 1.
In Fig.4(a), the entropic uncertainty lower bound
is plotted in terms of probability parameter p for dif-
ferent value of Hawking temperature. As can be seen
the entropic uncertainty lower bound increases with in-
creasing Hawking temperature. Fig.4(b) shows the con-
tour plot of entropic uncertainty lower bound in terms
of Hawking temperature T and probability parameter
p. As can be seen from Fig.4(b), at different Hawking
temperatures the the entropic uncertainty lower bound
has its lowest value for the case in which p = 1 and
the state is maximally entangled. It is observed that
for different values of p this entropic uncertainty lower
bound increases with increasing Hawking temperature.
It is also observed that for the case in which p = 0,
70 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
p
E
nt
ro
pi
c 
un
ce
rta
in
ty
 lo
w
er
 b
ou
nd
 
 
T=0
T=2
T=4
T=10
(a)
0.0 0.2 0.4 0.6 0.8 1.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
p
T
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
(b)
Fig. 6 (a) Entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a special class of state:ρAB =
p|Ψ+〉〈Ψ+| + (1 − p)|11〉〈11 in terms of probability parameter p for different value of Hawking temperature when ω = 1.
(b) The contour plot of entropic uncertainty lower bound when Bob prepare a correlated bipartite state in a special class of
state:ρAB = p|Ψ+〉〈Ψ+|+ (1 − p)|11〉〈11 in terms of Hawking temperature T and probability parameter p when ω = 1.
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Fig. 7 (a) QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB = 1−p
4
I ⊗ I +
p|ψ−〉〈Ψ−| in terms of probability parameter p for different value of Hawking temperature when ω = 1. (b) The contour plot
of QSK rate bound when Bob prepare a correlated bipartite state in a special class of state:ρAB = 1−p
4
I ⊗ I + p|ψ−〉〈Ψ−| in
terms of Hawking temperature T and probability parameter p when ω = 1.
the entropic uncertainty lower bound not affected by
Hawking radiation.
In Fig.5(a), the QSK rate bound is plotted in terms
of probability parameter p for different value of Hawk-
ing temperature. As can be seen the QSK rate bound
decreases with increasing Hawking temperature. This is
what we expected, the quantum correlation decreases
under the influence of Hawking radiation and so the
QSK rate decreases with increasing Hawking temper-
ature. Fig.5(b) shows the contour plot of QSK rate
bound in terms of Hawking temperature T and proba-
bility parameter p. As can be seen from Fig.5(b), at dif-
ferent Hawking temperatures the the QSK rate bound
has its highest value for the case in which p = 1 and
the state is maximally entangled. It is also observed
that for different values of p the QSK rate bound de-
creases with increasing Hawking temperature. As can
be seen from Figs.5(a) and 5(b), the QSK rate bounds
is negative for some values of p and T. So, one can con-
cluded that for these values of p and T the states are
not good enough to support quantum key distribution
protocols. It is also observed that for the case in which
8p = 0, the QSK rate bound not affected by Hawking
radiation.
4.3 Two-qubit X states
As the last example, let us consider the case in which
Alice and Bob share a special class of two qubit X states
ρAB = p|Ψ+〉〈Ψ+|+ (1− p)|11〉〈11, (24)
where 0 ≤ p ≤ 1.
In Fig.6(a), the entropic uncertainty lower bound
is plotted in terms of probability parameter p for dif-
ferent value of Hawking temperature. The entropic un-
certainty lower bound increases with increasing Hawk-
ing temperature. Fig.6(b) shows the contour plot of en-
tropic uncertainty lower bound in terms of Hawking
temperature T and probability parameter p. As can be
seen from Fig.6(b), at different Hawking temperatures
the the entropic uncertainty lower bound has its low-
est value for the case in which p = 1 and the state is
maximally entangled. It is observed that for different
values of p this entropic uncertainty lower bound in-
creases with increasing Hawking temperature. It is also
observed that for the case in which p = 0, the entropic
uncertainty lower bound not affected by Hawking radi-
ation.
In Fig.7(a), the QSK rate bound is plotted in terms
of probability parameter p for different value of Hawk-
ing temperature. As can be seen the QSK rate bound
decreases with increasing Hawking temperature. This is
what we expected, the quantum correlation decreases
under the influence of Hawking radiation and so the
QSK rate decreases with increasing Hawking temper-
ature. Fig.7(b) shows the contour plot of QSK rate
bound in terms of Hawking temperature T and proba-
bility parameter p. As can be seen from Fig.7(b), at dif-
ferent Hawking temperatures the the QSK rate bound
has its highest value for the case in which p = 1 and
the state is maximally entangled. It is also observed
that for different values of p the QSK rate bound de-
creases with increasing Hawking temperature. As can
be seen from Figs.7(a) and 7(b), the QSK rate bounds
is negative for some values of p and T. So, one can con-
cluded that for these values of p and T the states are
not good enough to support quantum key distribution
protocols. It is also observed that for the case in which
p = 0, the QSK rate bound not affected by Hawking
radiation.
5 Conclusion
In this work we studied the entropic uncertainty re-
lation in Garfinkle-Horowitz-Strominger dilation black
hole. For this purpose, we consider the uncertainty game
between Alice and Bob. At first Bob prepares a corre-
lated bipartite state ρAB then he sends the first part A
to Alice and keeps the other part as a quantum mem-
ory memory B. In this step of the game, both of them
free falling towards the black hole. In the next step, Al-
ice remains free falling into the black hole while Bob
is in a fixed position outside the black hole. Then Al-
ice measures one of the two observable Q or R on her
state and sends her measurement choice to Bob via a
classical communication channel. The main purpose of
this game for Bob is to reduce his uncertainty about
the result of Alice’s measurement. As mentioned be-
fore, quantum correlations are reduced by the effect of
Hawking radiation. Therefore, due to the inverse rela-
tion between quantum correlation and uncertainty the
Uncertainty bound will increase as a result of Hawking
effect. We also investigated the effects of Hawking radi-
ation on QSK rate bound. It was shown that the QSK
rate bound decreases by increasing Hawking tempera-
ture.
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